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The properties of some complex many body systems can be modeled by introducing in the dis-
sipative dynamics of each single component a set of kinetic constraints that depend on the state
of the neighbor systems. Here, we characterize this kind of dynamics for two quantum systems
whose independent dissipative evolutions are defined by a Lindblad equation. The constraints are
introduced through a set of projectors that restrict the action of each single dissipative Lindblad
channel to the state of the other system. Conditions that guaranty a classical interpretation of
the kinetic constraints are found. The generation and evolution of entanglement is studied for two
optical qubits systems. Classically constrained dissipation leads to a stationary state whose degree
of entanglement depends on the initial state. Nevertheless, independently of the initial conditions, a
maximal entangled state is generated when both systems are subjected to the action of local Hamil-
tonian fields that do not commutate with the constraints. The underlying physical mechanism is
analyzed in detail.
PACS numbers: 03.65.Yz, 03.67.Mn
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I. INTRODUCTION
Superposition of different states corresponding to a bi-
partite quantum system may lead to entanglement, that
is, quantum states whose statistical properties can not
be reproduced with local stochastic variables. Due to its
central role in quantum information and quantum com-
putation [1], in the last years and ever-increasing interest
has been paid to its characterization [2].
Superposition of bipartite quantum states are de-
graded by interaction with uncontrollable degrees of free-
dom [3]. In contrast to quantum decoherence, the decay
of entanglement, measured for example by concurrence
[4], has non-usual properties such as its finite time de-
cay [5] as well as the possibility of its sudden appearance
at posterior times [6]. Non-standard decay properties
were also found in the classical [7] and quantum [8] con-
tributions of the total correlation (mutual information)
between two systems [9, 10].
Even when the environment destroy the nonlocal prop-
erties of entanglement, it may also play a constructive
role. The creation of entanglement by the action of a
common bath was studied in many different physical sit-
uations [11–25] . Special interest have been paid to op-
tical systems such as the Dicke model [21–23] where the
dissipative decay dynamics is induced by interaction with
the background electromagnetic field.
Added to the individual irreversible dynamics, dissi-
pation of systems embedded in complex many body ar-
ranges may involves extra elements. For example, in
quantum aggregates [26] the effects of a bath on a sub-
system can be dependent on the state of another site [27].
This kind of constrained dissipation also arises in glassy
systems. In fact, in contrast to static disordered interac-
tions, glassiness can also be induced by dynamical con-
straints [28–32]. In a classical context, this situation is
usually modeled by a Markovian master equation where
the transition rates of each system depend on the state
of the neighbors systems [32]. In Ref. [33] it was intro-
duced a quantum version where the underlying evolution
is given by a Lindblad equation and a set of projection
operators introduce the constraints.
Constrained dissipation lead to an effective interaction
between subsystems. As the dissipative dynamics ad-
mits a Markovian description [32, 33], we expect that
some entanglement may be generated by this mechanism
[11]. Motivated by the previous physical situations, in
this paper we study the production and evolution of en-
tanglement for systems whose dissipative evolution is a
constrained one. Our main theoretical goal is to charac-
terize which kind of stationary entangled states may be
generated by the constraints when they admit a classi-
cal interpretation [32]. The classicality property seems
to be a very restrictive condition for the generation of
entanglement. Nevertheless, focusing our analysis on a
bipartite dynamics, we find that the joint action of clas-
sical dissipative constraints and local unitary evolutions
may drive the dynamics to maximal entangled states.
We introduce a generalized definition of constrained
dissipation, where the dynamical action of each system’s
dissipative channel can only happens when the other sys-
tem is in a given quantum state [33]. Conditions that
guarantee the “classicality” of the kinetic constraints is
provided. In such a case, the system’s reduced evolutions
are defined by a Lindblad rate equation [34, 35]. The
entanglement generation is analyzed for two optical-like
qubits systems whose individual decay dynamics can only
happens when the other system is in the lower state. The
entanglement is characterized both in the transitory and
stationary regimes. In order to provide an deeper char-
2acterization of the dynamics, added to the entanglement
behavior, we also study its relation with the quantum
and classical correlations build up between both systems
[36–40].
The paper is organized as follows. In Sect. II we pro-
vide a generalized definition of constrained dissipation for
bipartite dynamics. Conditions that guarantee the clas-
sicality of the kinetic constraints is provided. In Sec. III
we analyze the entanglement evolution for two optical-
like qubits. In Sec. IV, the interplay between the con-
straints an local external fields that lead to a maximal
entangled state is investigated. In Sec. V we provide the
Conclusions. In the appendix we briefly review the uti-
lized entanglement measure as well as the definitions of
quantum and classical correlations.
II. CONSTRAINED DISSIPATION
We consider two systems A and B, both of them cou-
pled to independent Markovian reservoirs. The dissipa-
tive Lindblad evolution [3] induced by each bath is de-
noted by LA[ρ] and LB [ρ]. The bipartite density matrix
describing both systems is ρAB(t). In order to focus on
the dissipative structure, we assume that both Lindblad
superoperators commutate with their respective system
unitary evolutions. Hence, in an interaction representa-
tion, the evolution of ρAB(t) can be written as
dρAB(t)
dt
= LA[ρAB(t)] + LB[ρAB(t)]. (1)
Each contribution is defined by the expressions
LA[ρ] = 1
2
∑
i
γiA([Ai, ρA
†
i ] + [Aiρ,A
†
i ]), (2a)
LB[ρ] = 1
2
∑
i
γiB([Bi, ρB
†
i ] + [Biρ,B
†
i ]), (2b)
where {γiA, γiB} are the dissipative rates of each dissipa-
tive channel defined by the operators {Ai, Bi}. In each
sum, the index run from one up to the dimension of the
system Hilbert space. For simplifying the notation, from
now on we assume dim(HA) = dim(HB).
The operators {Ai} and {Bi} only act, respectively, on
the Hilbert space of system A and B. Hence, the bipartite
evolution Eq. (1) is defined under the association
Ai → Ai ⊗ IB, Bi → IA ⊗Bi. (3)
The identity operators (IA, IB) indicates the absence of
any correlation between the dynamics induced by each
bath.
Constrained dissipation means that the action of each
dissipative channel (operators Ai and Bi) only happen
when the other system (B and A) is in a given subspace or
quantum state. These kinetic constraints are introduced
through the replacements
Ai → Ai ⊗Qi, Bi → Pi ⊗Bi, (4)
where {Pi} and {Qi} are orthogonal projectors opera-
tors, PiPj = δijPi, QiQj = δijQi, acting on systems A
and B respectively. With these definitions it become evi-
dent that the action of a given reservoir over its system is
dynamically restricted or conditioned by the state of the
other system. Notice that in contrast with the approach
of Ref. [33], here each Lindblad channel may be char-
acterized by a different projector. Trivially, the present
generalization recover that case by taking Pi → P , and
Qi → Q.
Some general characterization of the constrained dis-
sipation induced by the operators (4) can be achieved
after assuming some properties for the set of projectors
operators.
A. Stationary properties
We assume that the un-constrained evolution, Eqs. (2)
and (3), has a unique and separable stationary state
ρ∞AB = lim
t→∞
ρAB(t) = ρ
∞
A ⊗ ρ∞B . (5)
Hence, we may ask about the effects of the constraints
(4) on this state. While a general answer is not possible,
under the conditions
[Pi, ρ∞A ] = [Qi, ρ∞B ] = 0, (6)
it is simple to realize that the stationary state remains the
same. Nevertheless, it is not possible to guarantee that
any initial condition relax to the same stationary state.
In general, only a subset of initial conditions ρAB(0) ∈
{H0} fulfill this condition,
ρ∞AB|{H0} = limt→∞ ρAB(t)|{H0} = ρ
∞
A ⊗ ρ∞B , (7)
where H0 ∈ HAB is a subspace over the set of all possible
initial conditions for A and B. This property arises be-
cause the dynamic becomes reducible, that is, the Hilbert
space decompose into different subsets between which no
transition is possible. Free decoherence subspaces as well
as dark states may characterize the subspace complemen-
tary to H0. These features are explicitly shown in the
next sections.
B. Classical constraints
Given the quantum nature of both systems, the con-
straints can only be understood when acting in Hilbert
space. Here, we found which conditions permit us to read
the kinetic constraints in a classical way [32].
Let assume the completeness properties
∑
i
Pi = IA,
∑
i
Qi = IB. (8)
3Therefore, the partial matrixes ρA(t) = TrB[ρAB(t)] and
ρB(t) = TrA[ρAB(t)] can be written as
ρA(t) =
∑
i
TrB [QiρAB(t)] ≡
∑
i
ρ
(i)
A (t), (9a)
ρB(t) =
∑
i
TrA[PiρAB(t)] ≡
∑
i
ρ
(i)
B (t). (9b)
The matrix ρ
(i)
A (t) [ρ
(i)
B (t)] can be read as the conditional
evolution of system A (B) given that system B (A) is in
the state defined by the projector Qi (Pi). In general, the
evolution of these conditional states can not be written
in a closed way without involving other matrix elements
(coherences) contained in ρAB(t). A classical interpreta-
tion of the constraints can only be achieved when these
last objects does not participate in the dynamics of the
auxiliary states. That is, it should be possible to write a
closed evolution for the set {ρ(i)A (t)} as well as for the set
{ρ(i)B (t)}.
From Eqs. (2) and (4), it is simple to realize that
the previous classicality condition is satisfied when the
projectors are closed under the transitions induced by
each dissipative channel,
A†jPiAj =
∑
k
αjikPk, B†jQiBj =
∑
k
βjikQk. (10)
Here, αjik and β
j
ik are real positive coefficients that also
satisfy αjii = β
j
ii = 0. These relations, jointly with
Eq. (8), implies that A†jAj =
∑
i,k α
j
ikPk, and B†jBj =∑
i,k β
j
ikQk. By introducing the closure condition (10)
in the constrained evolution, Eqs. (1) and (4), we get
[ρ
(i)
A (t)→ ρ(i)A ]
dρ
(i)
A
dt
= γiA
(
Aiρ
(i)
A A
†
i −
1
2
{A†iAi, ρ(i)A }+
)
(11a)
+
∑
j,k
bkijPkρ(j)A Pk −
1
2
∑
j,k
bkji{Pk, ρ(i)A }+,
jointly with the symmetrical expression [ρ
(i)
B (t)→ ρ(i)B ]
dρ
(i)
B
dt
= γiB
(
Biρ
(i)
B B
†
i −
1
2
{B†iBi, ρ(i)B }+
)
(11b)
+
∑
j,k
akijQkρ(j)B Qk −
1
2
∑
j,k
akji{Qk, ρ(i)B }+.
With {· · · }+ we denote an anticommutation operation.
Furthermore, the rate coefficients read
akij = γ
k
Aα
k
ij , b
k
ij = γ
k
Bβ
k
ij . (12)
Equations (11a) and (11b) demonstrate that under the
conditions (10) the time evolution of the reduced dy-
namic of each system can be written in a closed way with-
out involving in an explicit way matrix elements of the
other system. These dynamical equations are a particu-
lar case of Lindblad rate equations [34], which describe
the more general evolution of a quantum system coupled
to a set of classical degrees of freedom [35]. Here, the
underlying classical feature of these evolutions can ex-
plicitly be shown by introducing the expectation values
pij(t) ≡ TrA[ρ(i)A (t)Pj ], qij(t) ≡ TrB[ρ(i)B (t)Qj ]. (13)
By using the completeness conditions (8) and the defini-
tions (9) it follow the normalizations
∑
ij p
i
j(t) = 1 and∑
ij q
i
j(t) = 1. Furthermore, Eq. (9) implies the relation
qij(t) = p
j
i (t). From the Lindblad rate equations (11) we
get the classical rate equation [pij(t)→ pij ]
dpij
dt
=
∑
k
(aijkp
i
k− aikjpij)+
∑
k
(bjikp
k
j − bjkipij). (14)
The evolution of pij (q
i
j) consists of two contributions.
The first one is induced by the diagonal contributions of
Eq. (11a) [Eq.(11b)] leading to the classical transitions
k → j with rates aijk (bijk). These contributions take into
account the fluctuation of system A (B) induced by its
own reservoir. The second contribution follows from the
nondiagonal term of Eq. (11a) [Eq.(11b)], being defined
by the rates bjik (a
j
ik), corresponding to the transitions
k → i. These terms take into account the fluctuations of
the constraints of system A (B) induced by the dissipa-
tive dynamics of system B (A).
We conclude that the quantum dynamical constraints
Eq. (4) are classical if their influence can read from a
(transition) rate evolution, here defined by Eq. (14). In
the next section, we study the generation and evolution
of entanglement for two qubits characterized by this kind
of classically constrained dissipation.
III. CLASSICAL CONSTRAINED DISSIPATION
IN TWO QUBITS SYSTEMS
We consider to qubit systems A and B. The state of
each one is represented in the basis |±〉 . Their density
matrix ρAB(t) evolve as
dρAB(t)
dt
=
−i
~
[H, ρAB(t)] + L[ρAB(t)]. (15)
In the basis |±〉 , and in absence of any external field, the
unitary contribution is defined by the Hamiltonian
H =
~ωA
2
σz ⊗ IB + ~ωB
2
IA ⊗ σz, (16)
where σz is the z-Pauli matrix and ωs (s = A,B) are
the transition frequencies. A unique dissipative channel
define the Lindblad contribution of each system. Hence,
L[ρ] is written as
L[ρ] = 1
2
∑
s=A,B
γs([Vs, ρV
†
s ] + [Vsρ, V
†
s ]), (17)
4where γs is the dissipative rate of each system. The op-
erators {Vs} characterize the interaction of each system
with the environment. For optical arranges, they must
be taken as [3]
VA = σ ⊗ IB, VB = IA ⊗ σ, (18)
where σ = |−〉 〈+| is the lowering operator. In this
case, independently of the initial condition, the station-
ary state is
ρ∞AB = lim
t→∞
ρAB(t) = |−−〉 〈−−| , (19)
that is, independently of the initial conditions, both sys-
tems end in the lower state.
A. Classical constraints
The dynamical constraints are written as
VA = σ ⊗ PB, VB = PA ⊗ σ. (20)
We consider the symmetric projectors case
PA = |−〉 〈−| , PB = |−〉 〈−| . (21)
With these constraints, the decay dynamics (|+〉 |−〉)
of each system is only possible when the other system
is in the lower state. We remark that these operators
and projectors can be read as a two qubit version of
the Fredickson-Andersen model (with periodic boundary
conditions) or East model of Ref. [33] [see Eqs. (4) and
(5) of that paper]. Nevertheless, due to the optical mo-
tivation, here the effective temperature is cero. Further-
more, the projectors, instead of the upper state, here are
defined by the lower state. In spite of the states (lower or
upper), the classicality condition (10) is satisfied by Eqs.
(20) and (21). A quantum constraint should to violates
condition (10), such as for example taking both projec-
tors as P = |x±〉 〈x±| , where |x±〉 = (1/
√
2)(|+〉 ± |−〉)
are the eigenstates of the x-Pauli matrix. In this case,
all results of section II do no apply.
Given that the classicality condition (10) is satisfied
by Eqs. (20) and (21), the evolution of the partial pro-
jected matrixes must be given by a Lindblad rate equa-
tion. The partial matrixes ρA(t) = TrB[ρAB(t)] and
ρB(t) = TrA[ρAB(t)] can be written as
ρA(t) = ρ
−
A(t) + ρ
+
A(t), ρB = ρ
−
B(t) + ρ
+
B(t), (22)
where ρ−A(t) = TrB [PBρAB(t)], ρ+A(t) = TrB [(IB −
PB)ρAB(t)], ρ−B(t) = TrA[PAρAB(t)], and ρ+B(t) =
TrA[(IA−PA)ρAB(t)]. From Eqs. (17) and (20), in an in-
teraction representation with respect to the Hamiltonian
(16), we consistently get
dρ−A(t)
dt
= γAL[ρ
−
A(t)] + γBPAρ+A(t)PA, (23a)
dρ+A(t)
dt
= −1
2
γB{PA, ρ+A(t)}+, (23b)
where L[ρ] ≡ (1/2)([σ, ρσ†] + [σρ, σ†]). Symmetrically,
dρ−B(t)
dt
= γBL[ρ
−
B(t)] + γAPBρ+B(t)PB, (23c)
dρ+B(t)
dt
= −1
2
γA{PB, ρ+B(t)}+. (23d)
Given the bipartite initial condition ρAB(0), these equa-
tions completely define the reduced dynamics of each sys-
tem. Correlations between them can only be character-
ized from the bipartite Lindblad equation (15).
By denoting the product basis as
|1〉 = |++〉 , |3〉 = |−+〉 , (24a)
|2〉 = |+−〉 , |4〉 = |−−〉 . (24b)
the dissipative evolution [Eqs. (17) and (20)] reads
L[ρ] = −


0 γA2 ρ12
γB
2 ρ13 0
γA
2 ρ21 γAρ22 γρ23
γA
2 ρ24
γB
2 ρ31 γρ32 γBρ33
γB
2 ρ34
0 γA2 ρ42
γB
2 ρ43 −(γAρ22 + γBρ33)

 ,
(25)
where ρij = 〈i| ρ |j〉 , i, j = 1, 2, 3, 4, and γ ≡ (γA+γB)/2.
The influence of the constraints can be easily under-
stood by analyzing the diagonal elements of this equa-
tion, which in turn define the classical evolution Eq. (14).
Evidently, the dynamics take place if at least one of the
systems is in the lower state. Therefore, the pure state
|++〉 〈++| does not decay at all and is preserved by the
evolution. Equivalently, it is a dark state. On the other
hand, in the complementary (Hilbert) space, the dynamic
is attracted toward the stationary state in absence of con-
straints, that is, |−−〉 〈−−| . In fact, condition (6) is also
satisfied in this case.
B. Entanglement of the stationary state
Given that the dissipative and unitary generators com-
mutate, the stationary state corresponding to the Lind-
blad evolution (15) can straightforwardly be obtained
from Eq. (25). For arbitrary initial conditions, we get
ρ∞AB = lim
t→∞
ρAB(t) =


p 0 0 c
0 0 0 0
0 0 0 0
c∗ 0 0 1− p

 , (26)
where the matrix elements reads
p = 〈++| ρAB(0) |++〉 , (27a)
c = 〈++| ρAB(0) |−−〉 . (27b)
The stationary partial matrixes are ρ∞A = ρ
∞
B =
diag{p, 1 − p} which in agreement with Eqs. (23), im-
ply ρ−A(∞) = ρ−B(∞) = (1 − p) |−〉 〈−| and ρ+A(∞) =
ρ+B(∞) = p |+〉 〈+| .
The stationary state ρ∞AB depends on the initial condi-
tions only when the dark state |++〉 is populated at the
5initial time. In this situation, some entanglement may be
found in the long-time limit. Even more, from Eq. (26)
we deduce that two Bell states are preserved by the dy-
namics. That is, for |Φ±〉 at any time (in an interaction
representation) the density matrix satisfies
ρAB(t) = ρAB(0) = |Φ±〉 〈Φ±| . (28)
As usual, the Bell basis is denoted as |Φ±〉 ≡
1√
2
(± |++〉+ |−−〉), and |Ψ±〉 ≡ 1√2 (± |+−〉+ |−+〉).
Evidently, the states (28) are preserved because they
are a superposition of the dark state and the stationary
state corresponding to the complementary Hilbert space.
In general, the stationary state is not a maximal entan-
gled one. Its degree of entanglement can be measured by
concurrence C[ρ∞AB] [4]. In Appendix we get
C[ρ∞AB] = 2|c|. (29)
The capacity of the dissipative dynamics for “generat-
ing” entanglement can be characterized by maximizing
the concurrence C[ρ∞AB ] given that the systems begin in
an arbitrary separable state. Therefore, we take
ρAB(0) = ρna ⊗ ρnb , (30)
where each matrix is defined from
ρn =
1
2
(I + λσn). (31)
Here, I is the 2x2 identity matrix, the parameter λ ∈
[−1, 1] gives the degree of purity of ρn, Tr[ρ2n] = (1 +
λ2)/2, and σn is the Pauli matrix corresponding to
an arbitrary direction in the Bloch sphere [1], σn =
{{cos(θ), sin(θ)e−iφ}, {sin(θ)e+iφ,− cos(θ)}}, being de-
fined by the polar angles θ ∈ [0, pi] and φ ∈ [0, 2pi]. From
Eqs. (30) and (31), the parameters of the stationary state
(26) read
p =
1
4
[1 + λa cos(θa)][1 + λb cos(θb)], (32a)
c =
1
4
λaλb exp[−i(φa + φb)] sin(θa) sin(θb). (32b)
Considering these expressions it is possible to find the
set of values of {λa, λb, θa, θb, φa, φb} that maximize the
entanglement of ρ∞AB, that is |c| [Eq. (29)]. We get λa =
±1, λb = ±1, θa = θb = pi/2, and arbitrary values of φa
and φb, delivering
max
ρAB(0) sep
{C[ρ∞AB]} =
1
2
. (33)
Hence, over the set of all separable initial conditions, pure
states lying on the x− y plane lead to the maximal pos-
sible concurrence in the long time limit.
C. Evolution of entanglement and
quantum-classical correlations
In Fig. 1 we plot the evolution of the concurrence tak-
ing the separable symmetric initial condition ρAB(0) =
-1.0
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FIG. 1: Evolution of the concurrence C[ρAB(t)] as a function
of time for the constrained evolution defined by Eq. (25). The
initial conditions are ρAB(0) = ρy ⊗ ρy where ρy = (1/2)(I +
λσy). The parameters are γA = γB = γ. The plot does not
depends on the transition frequencies ωA and ωB .
ρy ⊗ ρy. Each state is defined by ρy = (1/2)(I + λσy),
where σy is the y-Pauli matrix and λ ∈ [−1, 1]. The sta-
tionary state [Eq. (26)] becomes characterized by the
coefficients p = 1/4 and c = −λ2/4. From Eq. (29) the
stationary concurrence reads
C[ρ∞AB] =
λ2
2
. (34)
Consistently with the previous analysis, C[ρ∞AB] = 1/2
only when λ = ±1, that is, when both systems begin in
an eigenstate of σy . Similarly to the Dicke model [23, 36],
Fig. 1 also shows that for all mixed states (λ 6= ±1) there
exist a time delay before entanglement emerges. The
birth time, τ0, is related to the degree of purity. When
γA = γB = γ, we get
γτ0 = 2 log(1/|λ|). (35)
In order to understand this result, in Fig 2(a), for
λ = 1/2, we plot the four bipartite populations, while
in Fig. 2(b) we plot the coherences (in a interaction rep-
resentation). For the chosen initial conditions, the time
evolution of the populations is the same of any value of
λ. In both plots, consistently with Eq. (25), the con-
stant matrix elements correspond to 〈++| ρAB(t) |++〉 ,
and 〈++| ρAB(t) |−−〉 . In Fig. 2(c) we plot the con-
currence and also the classical and quantum correla-
tions (see Appendix). Comparing with the previous plot
[Fig. 2(b)], it becomes evident that, for the considered
initial conditions and parameters, the concurrence be-
comes not null when the absolute value of coherence
〈++| ρAB(t) |−−〉 = c [or equivalently 〈−−| ρAB(t) |++〉]
is larger than the absolute value of any other coherence.
This condition, from Eq. (25), leads to the analytical
result (35).
Fig. 2(c) also shows that the belated appearance of
entanglement is preceded by the buildup of strong classi-
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FIG. 2: Plot of matrix elements and correlations as a function
of time associated to the evolution Eq. (25). The initial
conditions and parameters are the same than in Fig. 1. (a)
Populations, which do not depend on the value of the purity
parameter λ. (b) Coherences in a representation interaction
for λ = 1/2. (c) Concurrence C[ρAB(t)] (full line) classical
Q[ρAB(t)] (dotted line) and quantum D[ρAB(t)] (dashed line)
correlations for λ = 1/2. (d) The same objects for λ = 1.
cal correlations and also moderate quantum correlations.
These properties are similar to that found in Ref. [36]
for an optical Dicke model. Nevertheless, here the quan-
tum correlations have a minor weight when compared to
the classical ones. On the other hand, in contrast to the
Dicke model, the constrained dynamics is unable to cre-
ate any entanglement when the initial condition is any of
the pure separable states (24).
In Fig. 2(d) we show the time dependence of the con-
currence and correlations for λ = 1, that is for a separable
pure initial condition. In agreement with Eq. (35) the
entanglement delay time is null. On the other hand, con-
sistently with the previous comments, at shorter times
the classical correlation growing rate is larger than the
quantum one.
Most of results developed in this section also apply
when the kinetic constraints (20) are defined by the pro-
jectors PA = PB = |+〉 〈+| . For example, Eq. (33) ap-
plies while Eq. (28) remains valid after the replacement
|Φ±〉 → |Ψ±〉 . Similarly, with these projectors the dy-
namics is unable to create any entanglement if the initial
conditions are the separable pure states (24).
IV. INTERPLAY BETWEEN EXTERNAL
LOCAL EXCITATION AND CLASSICALLY
CONSTRAINED DISSIPATION
In the previous section we showed that, even when
the constraints (21) admits a classical interpretation [Eq.
(23)], the dynamics can generate some entanglement in
the stationary regime. Nevertheless, the stationary con-
currence depends on the initial conditions. In this sec-
tion, we are interested in characterizing how these prop-
erties are affected when the systems are coupled to ex-
ternal local Hamiltonian fields that do not commutate
with the corresponding projectors. In this situation, the
projector’s average values can not be obtained from a
classical master equation like Eq. (14). On the other
hand, the external fields by they self cannot generate any
entanglement. Hence, the interplay between constrained
dissipation and the external excitation is the central in-
gredient to analyze.
A. Maximal entangled stationary state
Optical (fluorescent) two-level systems can be reso-
nantly excited with an external laser field, such that in
an interaction representation their Hamiltonian becomes
~Ωσx/2, where the Rabi frequency Ω measures the laser
strength [3]. Taking this kind of external excitation for
each system, the Hamiltonian [Eq. (16)] of the optical-
like qubits considered in the previous section becomes
H =
~ΩA
2
σx ⊗ IB + ~ΩB
2
IA ⊗ σx, (36)
where σx is the x-Pauli matrix, ΩA and ΩB measure the
interaction of each system with the external local fields.
Eq. (36) is valid when both transition frequencies [Eq.
(16)] are the same, ωA = ωB. At the end of this section
we analyze the consequences of raising up this and other
symmetry conditions. On the other hand, notice that the
constraints Eq. (21) do not commutate with the local
Hamiltonian (36).
Trivially, the eigenvectors of H are defined by the ex-
ternal product of the eigenvectors of σx, that is |x±〉 ⊗
|x±〉 with eigenvalues ±Ω = ±(ΩA +ΩB)/2, and |x±〉 ⊗
|x∓〉 with eigenvalues ±δΩ = ±(ΩA − ΩB)/2. For sym-
metric local excitations
ΩA = ΩB = Ω, (37)
a degeneracy arises for the null eigenvalue, ±δΩ = 0.
It is simple to demonstrate that the Bell states |Φ−〉
and |Ψ−〉 lay in the plane of degeneracy, that is, they
are eigenvectors of the Hamiltonian with null eigenvalue.
Taking into account the invariance defined by Eq. (28),
it follows that when ρAB(0) = |Φ−〉 〈Φ−| , the dynamics
defined by Eqs. (20) and (36) satisfies ρAB(t) = ρAB(0).
Nevertheless, for the present situation there not exist a
dark state. In fact, independently of the initial condition,
under the joint action of the local Hamiltonians and the
constrained dissipation, the stationary state is
ρ∞AB = lim
t→∞
ρAB(t) = |Φ−〉 〈Φ−| , (38)
that is, ρ∞AB is a maximally entangled pure Bell state.
The uniqueness of the stationary state can be proved in
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−−
γ
+Ψ −Ψ
Ω
γΩ
FIG. 3: Level scheme for the dynamics defined by Eqs. (15),
(20), (21), and (36). The dissipative and coherent couplings
are valid under the symmetry conditions ΩA = ΩB = Ω, and
γA = γB = γ (see text).
a pure mathematical way (the density matrix evolution
has a unique eigenoperator with null eigenvalue). Below,
we understand this fact from a dynamical point of view.
B. Collective coherent-dissipative dynamics
The interplay between the unitary [Eq. (36)] and the
dissipative [Eq. (25)] dynamics that leads to the station-
ary state (38) can be analyzed in a simpler way in the
collective basis
|1〉 = |++〉 , |3〉 = |Ψ−〉 , (39a)
|2〉 = |Ψ+〉 , |4〉 = |−−〉 . (39b)
In this basis, the Hamiltonian (36) reads
H =
1√
2


0 Ω δΩ 0
Ω 0 0 Ω
δΩ 0 0 −δΩ
0 Ω −δΩ 0

 , (40)
where as before Ω = (ΩA + ΩB)/2, and δΩ = (ΩA −
ΩB)/2. Hence, when the condition (37) is meet (δΩ =
0), the external field only couples (coherently) the states
|++〉 Ω↔ |Ψ+〉 and |Ψ+〉 Ω↔ |−−〉 .
The interplay between the coherent and dissipative
dynamics can be more easily described by assuming
γA = γB = γ. While this is not a necessary condition
for the validity of Eq. (38), under that condition the dis-
sipative dynamics written in the collective basis (39) can
be read from Eq. (25) under the replacements γA → γ,
γB → γ. In Fig. 3 we show the levels scheme as well as the
dissipative and coherent coupling valid for γA = γB = γ
and ΩA = ΩB = Ω. The state |Ψ−〉 is not affected by
the unitary dynamic and it can only decay to the state
|−−〉 . Thus, the dynamics can be reduced to the remain-
ing three collective states. The dynamics of the states
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FIG. 4: (a) Collective populations as function of time. (b)
Evolution of collective coherences. These plots correspond
to the dynamics (15) with the Hamiltonian Eq. (36) and
the constraints defined by Eqs. (20) and (21). The initial
condition is ρAB(0) = |−−〉 〈−−| . The parameters are ΩA =
ΩB = Ω and γA = γB = γ, with Ω/γ = 1.
|Ψ+〉 and |−−〉 is equivalent to a fluorescent system [3]
with Rabi frequency Ω and natural decay γ. The role of
upper and lower states is played by |Ψ+〉 and |−−〉 re-
spectively. As a consequence of the constraints, the state
|++〉 does not decay. Nevertheless, it is coupled coher-
ently to the state |Ψ+〉 . |++〉 and |Ψ+〉 play the role of
upper and lower levels respectively.
The opposite roles played by |Ψ+〉 , jointly with un-
coupling of the state |++〉 from the reservoir decay dy-
namics leads to (i) an asymptotic depopulation of the
state |Ψ+〉 , (ii) a raising of the |++〉 ↔ |−−〉 coher-
ence, and (iii) an asymptotic vanishing of the difference
of the |++〉 and |−−〉 occupations (populations). This
coherent-dissipative mechanism drives the system to the
Bell state |Φ−〉 independently of the initial condition, Eq.
(38).
In order to clarify the previous mechanism, in Fig. 4
we plot the time dependence of the collective populations
and coherences. The density matrix evolution (15) is de-
fined by the Hamiltonian Eq. (36) and the constraints
introduced in Eqs. (20) and (21). The parameters are
ΩA = ΩB = Ω and γA = γB = γ, with Ω/γ = 1. At
the initial time both systems are in their respective lower
states, ρAB(0) = |−−〉 〈−−| . Notice that without the ex-
ternal fields the systems remain at all times in this state.
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FIG. 5: Plot of Concurrence C[ρAB(t)] (full line) classical
Q[ρAB(t)] (dotted line) and quantum D[ρAB(t)] (dashed line)
correlations. The parameters and evolution of ρAB(t) are the
same than in Fig. 4. (a) Time dependence corresponding to
the initial condition ρAB(0) = |−−〉 〈−−| . (b) Initial condi-
tion ρAB(0) = |++〉 〈++| . In both insets we show the short
time behavior of the correlations.
Furthermore, with this initial condition and parameters
the state |Ψ−〉 is never populated.
Fig. 4(a) shows the dissipative-coherent interplay that
lead to a vanishing of the |Ψ+〉 population. Further-
more, as expected the population of states |++〉 and
|−−〉 oscillates with opposite phases, while in the long
time regime both of them become equal to one half.
In Fig. 4(b), we show the collective coherences. Co-
herences involving the state |Ψ+〉 vanish asymptotically,
while the coherence between the states |++〉 ↔ |−−〉
converges to minus one half. The asymptotic value
of the coherence 〈++| ρAB(t) |−−〉 and the populations
〈++| ρAB(t) |++〉 , 〈−−| ρAB(t) |−−〉 , indicate that the
bipartite dynamics achieve the pure Bell state |Φ−〉 .
In Fig. 5(a), we show the time evolution of concur-
rence and the classical-quantum correlations correspond-
ing to the dynamic shown in Fig. 4, that is, for the initial
condition ρAB(0) = |−−〉 〈−−| . As the dynamics in the
long time regime reaches a maximal entangled state, all
correlations converge to one. On the other hand, the
short time behavior strongly departs from that shown
in Fig. 2(d). In fact, here the concurrence C[ρAB(t)]
grows much faster than the classical and quantum con-
tributions, Q[ρAB(t)] and D[ρAB(t)]. In contrast, in Fig
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FIG. 6: (a) Collective populations as function of time. (b)
Evolution of collective coherences. (c) Concurrence and
classical-quantum correlations. (d) Stationary concurrence as
a function of ΩB/ΩA for different values of γB/γA. All these
plots correspond to the dynamics (15) with the Hamiltonian
Eq. (36) and the constraints defined by Eqs. (20) and (21).
In plots (a), (b), and (c) the parameters are γA = γB = γ,
ΩA/γ = 1, and ΩB/γ = 3/4. The initials conditions are
indicated in each plot.
5(b) a similar behavior to that shown in Fig. 2(d) is re-
covered. The initial condition is ρAB(0) = |++〉 〈++| .
These results demonstrate that at short times the relative
weights of each correlation have a strong dependence on
the dynamics and initial conditions under consideration.
C. Breaking symmetries conditions
While we have considered the projectors defined by
Eq. (20) and (21), the same result can be achieved with
PA = PB = |+〉 〈+| . In this case, the pure stationary
state is |Ψ+〉 . On the other hand, the achievement of
a maximal entangled state relies on the validity of some
symmetry assumptions. Below, we analyze what happens
when they are not meet.
For the dynamics defined by projectors (21), the as-
sumption ωA = ωB can be raised up. In fact, by de-
noting the frequency of the external (laser) excitation by
ωL, instead of the resonant condition ωL = ωA = ωB,
for ωA 6= ωB one must to choose ωL = (ωA + ωB)/2.
Thus, in an interaction representation with respect to
~ωL[σz ⊗ IB + IA ⊗ σz ]/2, the Hamiltonian (36) acquires
the extra contribution ~(ωA − ωB)[σz ⊗ IB − IA ⊗ σz ]/2.
Under the condition ΩA = ΩB the same maximal entan-
gled state is obtained.
In Fig. 6 we analyze the stationary entanglement when
the Rabi frequencies are different. We conclude that the
previous results are not a singular property that only
9happens when ΩA = ΩB, that is, for |ΩA−ΩB| ≪ (ΩA+
ΩB) it follows C[ρ
∞
AB] ≃ 1.
In Fig. 6(a) we show the collective populations.
In comparison with Fig. 4(a) (same initials con-
ditions, ρAB(0) = |−−〉 〈−−|), here the population
〈Ψ−| ρAB(t) |Ψ−〉 becomes populated in the stationary
regime, indicating the departure of ρ∞AB from a maxi-
mal entangled state. This fact is corroborated in Fig.
6(b), where | 〈++| ρ∞AB |−−〉 | < 1/2. Furthermore, (not
shown) coherences involving the state |Ψ−〉 also become
not null. These departures arise because the condition
ΩA 6= ΩB eliminate the eigenvectors degeneracy of the
unitary dynamics [see Eq. (40)].
In Fig. 6(c) we plot the evolution of the concurrence
and the classical-quantum correlations. The initial con-
dition is the identity matrix, ρAB(0) = (IA ⊗ IB)/4. As
expected, the concurrence does not converge to one. On
the other hand, for this initial condition a delayed birth
of entanglement is observed. As in previous section, it is
preceded by a fast increasing of the classical correlation
and a very small contribution of the quantum correlation.
In Fig. 6(d) we plot the stationary concurrence,
C[ρ∞AB], as a function of ΩB/ΩA for different values
of γB/γA. Independently of this last parameter, for
ΩB/ΩA = 1 we get C[ρ
∞
AB] = 1. On the other hand, high
concurrence values can be achieved around this point.
These curves demonstrate the robustness of the dynam-
ics for generating almost pure entangled states even when
the symmetry conditions are not meet exactly. In order
to quantify this property, we calculated the stationary
density matrix for γA = γB = γ and ΩB 6= ΩA. To first
order in δΩ = (ΩA − ΩB)/2, in the product basis Eq.
(24), we get
ρ∞AB =


1
2 −i δΩγ i δΩγ − 12
i δΩ
γ
0 0 −i δΩ
γ
−i δΩ
γ
0 0 i δΩ
γ
− 12 i δΩγ −i δΩγ 12

+O(δΩ2). (41)
On the other hand, from the exact expression for ρ∞AB,
the stationary concurrence can be written as
C[ρ∞AB] = 1−
(
16
γ2
+
2
Ω2
)
δΩ2 +O[δΩ3], (42)
where Ω = (ΩA +ΩB)/2. Therefore, the concurrence de-
creases in a quadratic way with the asymmetry δΩ.
V. SUMMARY AND CONCLUSIONS
We characterized a class of constrained quantum dis-
sipative evolution where dynamical constraints are intro-
duced through a set of projectors that conditioning the
action of each dissipative (Lindblad) channel to the state
of the other system, Eqs. (1) and (4). When the set of
projectors is closed under the dynamical action of each
dissipative dynamic, Eq. (10), the kinetic constraints can
be read in a classical way, that is, the reduced density
matrixes evolve with a Lindblad rate equation, Eq. (11),
and the conditional expectation values of the projectors
are defined by a classical master equation, Eq. (14).
With the previous ingredients, we studied the station-
ary entanglement that can be achieved by two optical-like
qubits whose individual decay dynamics is only possible
when the other system is in the lower state. This classical
constraint lead to a free decoherence state, which play a
central role in the entanglement generation. Under the
solely action of the dissipative dynamics, the stationary
entanglement depends on the initial condition. Maximal
entangled states are unreachable from separable initial
states. On the contrary, we showed that by coupling the
systems to local external Hamiltonian fields, Eq. (36),
the interplay between the coherent and dissipative effects
drive the systems to a maximal entangled Bell state, Eq.
(38). This property does not depends on the system ini-
tialization. The coherent dynamic that couple the free
decoherence state (induced by the constraints) and its
complementary space is the central ingredient that give
rise to this property. The underlying mechanism can be
understood in a collective basis, where a Bell state play
the role of lower an upper level for the coherent and inco-
herent couplings induced by the external excitation and
the constrained dynamics respectively (Fig. 3).
We also studied the time evolution of the entangle-
ment. The present model confirm that quantum and
classical correlations between the systems are precursors
of the entanglement, that is, the arise before entangle-
ment emerges. Nevertheless, in contrast to other dynam-
ics such as the Dicke model [36], here the weights of both
correlations may strongly depend on both the initial con-
ditions and the external excitation.
Our analyses applies to bipartite systems. Due to
the present advances in engineered system-bath coupling
constrained dynamics could be checked in that context.
On the other hand, the present results may apply when
restricting the dynamics of a complex many body system
to a given bipartite subspace.
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Appendix: Entanglement measure and
quantum-classical correlations
Here, we provide the definition of the correlation mea-
sures used along the manuscript. The entanglement mea-
sure associated to the entanglement of formation [4] is the
concurrence. For a bipartite state ρAB it is defined as
C[ρAB] = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}. (A.1)
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{λ1}i=4i=1 are the eigenvalues (written in decreasing order)
of the matrix ρAB ρ˜AB, where ρ˜AB = σx⊗σxρ∗ABσx⊗σx,
and ρ∗AB is the conjugate of ρAB in the computational ba-
sis. For the stationary state (26), the eigenvalues {λ1}i=4i=1
are {(
√
p(1− p)± |c|)2, 0, 0}, which leads to Eq. (29).
The mutual information provides a measure of the to-
tal correlations in a bipartite setup
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (A.2)
where the Shannon entropy reads S(ρ) = −Tr{ρ log2 ρ},
and ρA = TrB[ρAB], ρB = TrA[ρAB]. I(ρAB) can be writ-
ten as the addition of a classical contribution [7], Q(ρAB),
and a quantum contribution or discord [8], D(ρAB),
I(ρAB) = Q(ρAB) +D(ρAB). (A.3)
The classical correlation is defined as
Q(ρAB) = sup
{Πn}
{S(ρA)− S(ρAB|Πn)}, (A.4)
while the discord reads
D(ρAB) = inf{Πn}{I(ρAB)− S(ρAB|Πn)}. (A.5)
In both expressions, S(ρAB|Πn) refers to the conditional
entropy of system A given that a measurement over sys-
tem B was performed. This action can be defined by a
measurement in an arbitrary direction n over the Bloch
sphere. Thus, {Πn} = Πn±(θ, φ) = |n±〉 〈n±| , where
|n+〉 = +cos(θ/2) |+〉+ e+iφ sin(θ/2) |−〉 , (A.6a)
|n−〉 = − sin(θ/2) |+〉+ eiφ cos(θ/2) |−〉 . (A.6b)
In this way, the extremization of Eqs. (A.4) and (A.5) is
performed over the polar angles θ and φ.
For the stationary state ρ∞AB, Eq. (26), it is simple
to realize that it is always possible to chose a projector
Πn (θ = 0, pi, pi/2) such that the minimal value of the
conditional entropy S(ρAB|Πn) is cero. Hence, it follows
Q(ρ∞AB) = S(ρ∞A ) = S(ρ∞B ), (A.7)
while the stationary discord becomes
D(ρ∞AB) = S(ρ∞A )− S(ρ∞AB) = S(ρ∞B )− S(ρ∞AB). (A.8)
The entropies S(ρ) = −Tr{ρ log2 ρ} can trivially be
determine from the eigenvalues of the corresponding
matrixes. The four eigenvalues of ρ∞AB are { 12 [1 ±√
1− 4p(1− p) + 4|c|2], 0, 0}. From here, one deduce
that the stationary discord D(ρ∞AB) is not null only when
|c| 6= 0, that is, the same condition for getting a non null
stationary concurrence, Eq. (29).
The initial conditions and dynamics considered along
the paper lead to a bipartite density matrix ρAB with the
structure
ρAB =


q −id −id′ w
id r u −iv
id′ u r′ −iv′
w iv iv′ s

 , (A.9)
where each letter represent a real number. For symmetric
states, ρA = ρB, it follows d
′ = d, v′ = v, r′ = r. The con-
currence of this kind of state can be calculated in an an-
alytical way. Nevertheless, the expression becomes very
complicated and does not provide useful information. On
the other hand, we find that S(ρAB|Πn) is minimal (with
the same value) at angles φ = pi/2 and φ = 3pi/2. Nev-
ertheless, consistently with the analysis of Ref. [41] the
value of θ must to be found in a numerical way. When
ρAB adopts a X structure, {d = d′ = v = v′ = 0}, the
implemented numerical algorithm recovers the analytical
discord values presented in Ref. [42].
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